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ABSTRACT

This study has been prepared in the theory of approximation, which has an important place in the
fields of application. In this paper, a modification of operators of the Gadjiev-lbragimov type that
preserves test functions will be described. The paper is about Kantorovich-type modification of a
generalization of Gadjiev-Ibragimov operators. It is aimed to present a new materials to researchers
who will conduct applied studies by examining the uniform convergence of this of the new operator
in integral form, whose terms are functions defined on CJ[0,1].

Based on the Korovkin approximation theorem, properties of convergence for these operators and
then some direct theorems will be given.The rate of convergence of these operators will be
calculated with the help of the modulus of continuity by using the classical second order moments.
By using the definition created by Ozarslan and Aktuglu, the approximation theorem for functions
from the Lipschitz class will be given and the approximation properties of these modified operators
in weighted spaces will also be examined. Also, properties of approximation will be demonstrated

with graphics and numerical calculations using the Maple program. 29
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OZET

Bu c¢aligma, uygulama alanlarinda 6nemli bir yere sahip olan yaklasim teorisinde hazirlanmistir. Bu
caligmada, test fonksiyonlarmi koruyan Gadjiev-Ibragimov tipi operatorlerin bir modifikasyonu
tanimlanacaktir. Makale, Gadjiev-Ibragimov operatorlerinin bir genellemesinin Kantorovich tipi
modifikasyonu hakkindadir. Terimleri C[0,1] lizerinde tanimlanan fonksiyonlar olan bu yeni
operatoriin integral formda diizgiin yakinsaklig1 incelenerek; uygulamali caligmalar yapacak
arastirmacilara yeni bir materyal sunulmasi amaglanmaktadir.

Korovkin yaklasim teoremine dayali olarak, bu operatorler i¢in yakinsama 6zellikleri ve ardindan
bazi dogrudan teoremler verilecektir. Bu operatorlerin yakinsama oranlari, klasik ikinci dereceden
momentler kullanilarak siireklilik modiilii yardimiyla hesaplanacaktir. Ozarslan ve Aktuglu’ nun
olusturdugu tanim kullanilarak Lipschitz simifindan fonksiyonlar i¢in yaklasim teoremi verilerek bu
modifiye operatorlerin agirlikli uzaylarda yaklasim 6zellikleri de incelenecektir. Ayrica, yakinsaklik
ozellikleri Maple programi kullanilarak grafikler ve sayisal hesaplamalar ile gosterilecektir.

Anahtar Kelimeler: Kantorovich Operatorleri, Gadjiev-Ibragimov Tipi Operatorler, Korovkin
Teoremi.

1. INTRODUCTION

Approximation theory is concerned with the ability to approximate functions by simpler and more
easily calculated functions. In recent years the number of branches related to approximation theory
has been increasing steadly.
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Accordingly, many generalizations of linear positive operators have been studied, one of them is the
Kantorovich modification. The subject of Kantorovich operators is still the focus of many
researchers. After defining a new operator, making Kantorovich generalizations of that operator is
an expected modification by researchers following the studies in that field. For this purpose a
generalization of the operator defined in (Gonul and Coskun, 2013) will be made in this sense and
important approximation properties will be given now.

In 1970, the sequence of linear positive operators named after them was introduced in (Gadjiev and
Ibragimov,1970). This operator is called Ibragimov-Gadjiev or Gadjiev-lbragimov operators in
literature. Here, the second expression will be used. After then, a lot of generalizations of Gadjiev-
Ibragimov operators are studied for example in (Dogru, 1997), (Ispir et al, 2008), (Gonul and
Coskun, 2012). Apart from these, Aral, proved that derivatives of Gadjiev-lbragimov operators
converges to derivatives of the functions in (Aral, 2005). Some convergence properties of
Durrmeyer versions of these operators are defined in (Ulusoy et.al. 2015). In (Gonul Bilgin and
Coskun, 2018), the approximation properties of Gadjiev-lbragimov type operators are compared
and then is gave main properties of a two dimensional version of these operators in (Gonul Bilgin
and Ozgur, 2019). g-generalizations of the classical version of this operators are given in (Herdem
and Buyukyazici 2018).

Here, the space of continuous functions defined on [0,1]; with C[0,1] and the space of Lebesgue
integrable functions defined in the same interval will be denoted by L,[0,1].

Let's remember the operator whose properties are given in (Gonul and Coskun, 2013).

L= Y 7 () Koo ®
v=0

Lemma 1.1 Foreveryn =0,1,2,...and for all x € [0,1], L,,(f, x) satisfy the following equalities:

) L,(1,x) =1, —

a
i) L,(t,x) = 'B—nnx,

n
a’n(n + m)x?  a,nx

B’ Bn’

iv)Ln(t3,x)={(%)3n +3<ﬁ >3n m+2('8 )3nm }x +{33 (gn) n?
g () mpt o e e

v) L, (t*, x)—{(ﬁ >4n +6(.3 )471 m+11(ﬂ )471 m +6(ﬂ )‘an3}x4
) e ) i g () o)

{,BZ (;:) n? + ,BZ <%)2 nm} x? +é<%> nx.

The design of the next sections is as follows. First of all, the Kantorovich generalization of the (3)
operator will be defined and the equations related to the test functions will be given. After it has
been shown that this operator satisfies a Korovkin type theorem, the approximation theorem for
weighted spaces will be proved by using the results obtained in the previous section. In the fourth

iii) L, (t%,x) =
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chapter, rate of convergence using modulus of continuity and graphical representation of the
approximation will be made.

2. METHODS AND MATERIALS

In this section, firstly, the operator will be defined and the Korovkin type approximation theorem
will be proved for this operator.

Definition 2.1 For (c,)),(d,);let lim d,, = oo, lim = =0and lim n =* = 1. In this case, a
n—oo

n—-oo n n—>oo n

modification of Kantorovich-type Gadjiev-lbragimov operators, give as follows.

r

B0 =d Y N [ paau @)
r=0 d,

Here N, . (x) is the function depending on the parameters r and n to get the following conditions:
i) Foreveryn,r =0,1,2,...and for all x € [0,1]

(—1)" Ny () = 0.

ii) For all x € [0,1],

D Ny () (_Cj’)r -1
r=0 ’

r

i) Ny (x) = —nxNpypr-1(%),

for any x € [0,1] where n + p is natural number and p is a constant independent of r.

41

Lemma 2.1
The following equations are valid for the operator Lff’g‘j (f,x);
i) L9 (1,x) = 1,

-\ K,GIT 1+2nxc
”) Ln g (t, x) = 2d nl
n

2 2
iii) L3067 (¢2, x) = SRR | oo 1
dn dn

Proof
From definition of operators
L9 (1,%) =1
can be obtain easily.
x,G,9 .
Then, for L, 9 (t,x),since (n+p) €N,

(_Cn)r
!

r

r+1

dn
J udu
r
dn

L (620 = dn ) Nop(®)
r=0
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43 o S -G
_ Z)dr_n N () (_Z‘)r +ﬁ2 Nor (%) (_:?)r

_ 1+ 2nxc,
- 2d,

Similarly, using definition of operators

r+1

262 ) = q, Z e )( Cn) dn

_?nj Ny ) S :(’";;) -(dgﬂ

(- cn)r [3r2 + 3r + 1]

Ny (x)

IIM8 |

(i)z nm( o LS 0 E e LS 0 &

I
[ ol8

|
=0 dn r=0 r 3d” r=0

1 1
= L,(t%x) + —L,(t,x) + —= L,(1,x)

dy 3d,

42

_ cp’n(n + p)x? CpNX N 1
B d,> d,?  3d,’
is obtained.

Now will be given the following basic properties needed to work on the main results.

Lemma 2.2
The sz’g’] (f, x) satisfy the following equations;
) lim ||y 7 (1,2) = 1] ;= 0

u)11m||L 87t x) — x||c[01 =0

T .67 _
Lu)?ll_rLlo”Ln (t2,x) — x2||c[0‘1] =0
Proof
Using Lemma 2.1,
: .67 _
Jim |27 (1, 20) = 1| o, =0
can be written. Definition of (c,,) , (d,,) and if Lemma 2.1 ii) is used again

1+ 2nxc nc 1
x,G.9 n n
L, (t,x) — x =| —— —x =|x(——1>+—
| n | 2d, d,
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is written. So for all x € [0,1] and using lim n o

n

nc 1 nc
B[ (1) 45| < -1 + o
n
is obtained. Then,
nc
B 570 =l < fim [ 2 1]+ i | = 0
n

is geting.
Finally, the next equation from the definition of Lif‘g'g (t2, x) is valid.

lcnzn(n + p)x? 5 CnliX 1 l o

.69 .2 2|
|L (t%,x) —x | = +
" d,” d,*  3d,*

2<c"2 (n+p) 1)+2 x+
X —nn — n—sx e
4,2 P 4.2 T3q2

By definition of the norm in the studied space,

2
XGT c 1
I = 2] = i (Zantn = 1) 2
n n n
2
Cn Cn 1
<|[-S5nm+p)—1)|+|2n—| + |—
(dnz e+ p) >| dn? ‘sdnz
is obtained. Definition of (c,), (d,,) and since (n + p) € N,
. K.G.9 7,2 2 _ 43
rlll_l;lgo”LTl (t 'x) X ”C[O,l] =0
is shown.
Theorem 2.1

Let f € C[0,1], then for all x € [0,1]
lim |79 ,x) — f(x =
nmll n(frx) = f( )IIC[OI]

The proof is easily obtained from the above Lemma 2.2 and Korovkin's theorem.

Lemma 2.3
Letj = 0,1,2 and j-th degree moment for the L‘Zf’g'7 (f, x), is defined with

Mo () = L% ((¢ = %), %),

then,
M‘n,O(x) = 11
1+ 2nxc,
M, =x|—————-—-1)+—
n(®) x( 2d,, ) 2d,,
2
cpn(n+p) ney, cn 1 1
M, = - 1)x? 2— ——
n,z(x) < dnz dn + >X +< dnz Zdn X+ 3dn2
IS obtained.
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Proof
t — x substituting in the operator;

[e9) r+1
.69 _ (=)
L, (t—x,x)—dnz Ny (x - . " (u—-x)du
=0 ' dn
co )T r+1
=4, N [ - au
=0 an

(o)

“0.3 e CL B (]S o S [ ()

=Z Ny, - (x )%_(zr"'l)_xz Nn,r(x)%

=Zd MGy o Zdzzvmx) o

1+ 2nxc, 1
=X <— - 1) P
2d,

2d,
is obtained.

Using Lemma 2.1,

o) r+1
—c,))" (dn, 44
sz'g'g((t —x)%,x) = dnz Ny (x ( r?) . (u—x)%du
r=0 | d,

=d, Z N, r(x) ) .[Hl(u x)%du

Ny (%) %f;_n(uz — 2ux + x%)du
DIRC e [(rdﬂ) - (dL)l
Cxd Z Ny o) [(Tzl)—(c%)l

+x i Ny (x )( )’

r=0

I
3&.
M8 Z

<
Il
=}

Q

Ms

n

3

g &

lcn n(n + p)x? cnnxl 1 rc,nx 1 1+ 2nxc, 5
= x| |+

+— + -
d,* d?| dyld, 1 3d? 2d,,

cp2n(n + nc cn 1 1

== (2 P)_Mon 1),y 275 ——|x+
d, dy d

is written Thus, the proof is complete.
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3. RESULTS

In this section, an important theorem will be given using the findings obtained in the previous
section.

Lemma 3.1

For Lﬁf’g'g(t3, x) and Lﬁf’g'g(t“, x), the following equations are valid.

L9973, x) = (C—n)3 n3+3 (C—n>3 n’p + 2 (C—n)sn 28 x3
n ’ dn dn p dn p
+{i (C_n>2 2 +i(c_n)2 - +z(c_n)zw}xz
d, \d, d, \d, 3\d, d,
51 /nc, 1 /nc, 1
(G ) i
(3 d,* \dy d, \d, 4d,>
%,G,J cn\* cn\* cn\*
L7 (t%x) = (d_) n* + 6<d ) n3p + 11 (d_> n?p? +6<d—> np3 ¢ x*
n n n
8 (ca\? ;24 16 ) s
+{a(d—n> " d_(d_) " p+d—n(d—n) Pty
13 2 13 2 2 2 +
+{_2(C_n) n? + _2<C_n> - zcn n(n2 P)}xz
dn dTl dn dn dn dn

4 (c, 2 cyn 1
() e oy L
dn dn dn dn Sdn

45

Proof

Using the definition of the operator and the following equation
s3=s(s —1)(s —2) + 3s% — 2s,

r+1

26743 ) = g, Z Nnr(x)( Cn) dn

:de ) o) [(TdH) ‘(di)l

(- n)r

Ny »(x) [473 + 672 + 41 + 1]

B 4dn3 r=0

=1L (T')3 + 2L <T>2 1L<r ) 1 L(l)
=\\&,) ) T 3a, \\a,) oY) T, et e p

2 1 1
— 3 2
=L,(t x)+3d L,(t%, x)+dnL A (¢, x)+4d 3 L, (1, x).

From the Lemma 1.1 the desired equality is shown. Similarly;

n

r+1

0 = d, Z Mar (0 [y
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43 o S -G

1% (- n)r
_Sdn4 nr()

[57% + 1073 + 1072 + 57 + 1]
r=0

2 2 1 1
= Ln(t4, x) + —Ln(t3,x) + FLn(tz,x) + FLn(t, x) + WLn(l, x)

dn n n n

= (C—n)4n4+6<c—n)4n3 +11<C—")4n2 2+6(C—n)4n 3t xt
d, a,) "PT e, TP TG TP
8 rcn\* 5 24/cp\d 16 5| s
+{a<d_n> n +d—n(a) n p+d—n<a) npcex
13 /¢y \2 13 /cp)\2 2 ¢,’n(n+
(@) e () e
dn dn dn dTl dn dn

4 (c, 2 cyn 1
() e o)y L
d,” \dy d,” dy 5d,

Thus, the proof is complete.

Now; the following well-known weighted spaces of functions which are defined on the (0, x]is
considered. Let p(x) = 1 + x* weighted functions, K, > 0 be a positive constant depending of f.

In the theorem that will be given from now on, B, ([0, )), C, ([0, ©)), C¥([0, o)) notations, which
are defined in the literature as follows, will be used. The norm in this space is defined as

il = sup L

B, ([0, oo)):= {f:[0,00) > R: [f(0)] < Kep(x)},
Cy([0,00)): = {f € Bp(([O, 00)): f continuous}

f(x)
C,ﬁ‘([O, ©)): = {f € C,([0,)): 11m m =kf < oo}

46

Theorem 3.1
Let f € C¥((0,]) and f € L,[0,1]. In this case,

sup LY (F, %) — F(0)]

rllglgox € [0, 00) 1+ x2 =0

Proof
The proof will be made from Lemma 2.2, if the equation

i sup |L?1<,g,g (t™ x) — xm|
bt X € [0,00) 1+ x2

=0, (for m =0,1,2)

is shown, the proof is done. It is clear that
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sup |Lff'9'j (1,x)—1|

ii_{l;lox € [0, ) 1+x2 =0.
For m=1
|sz’g’7(t, x)—x| = |x (% - 1) + i
and so,
su L%’g’7 t,x) —x nc 1
Nim e [Ol?w)l - 1(+xZ | < lim d_:_1| + lim, |E
Thus
lim sup |L7,f'9'7(t,x)—x| o,
now X € [0, ) 14+x2
Finally, for t2 using Lemma 2.1
sup LN (t% x) — %2 . Sup x? ||en’ntn+p) 1‘
x € [0, 0) 1+ x? ~ x €[0,0) |1 + x2 d,’
e R e
)11 +x21|7 g 2| " x €[0,0) |1 +x2]| 34,2

cpnc,(n + cpn 1
< LM_l‘JFlZLZ +—

dn dy d, 3d,
From the properties of (c,,), (d,,);
. sup |LZf’g’j(t2,x) — x?|
nl_r’go X € [Ol OO) 1 + xz

47

=0
is getting. So, every f € CX((0, »])

s W0 @l
nt x € [0,00) 1+ 22 =

is obtained.

4. DISCUSSION

In this section, calculation of modulus of continuity, approximation properties for functions from
the Lipschitz class and the graphical representation of the approximation will be made.

Theorem 4.1 Let f € C[0,1] then the inequality

1

*,G.I c, 2
”Ln (f'x)_f(x)”C[O,l] < Mw f,\/(nd—n—]_) _|_Z

holds for sufficiently large n, where M is a constant independent of n.

2 re1
L0 - 0| < Y N S [ 1f 00 - f1an
r=0 d,
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r+1
<d, Zwof 6Ny S [ (14

dn

1/2
+1

1 ) )T Tc-ll-l
—ZNM() [y — xp2du
5, :

r=0

TL

( 1,
1{(c,’n(n+p) nc, ) cn 1 1
w(f,5n)<a<<d—nz d_n+1 x“ + ZF Zdn X+Tnz +1

< dnw(ff (Sn)

IA

n

Sa\\ d,2  d? dn

( Y,
1 2,2 2 1 1
= o(f,6) 4= <C”n + np—ncn+1>+(2ﬂ——>+—> +1

\
1/ cn 2 cpn 1 1717

w(f,b,) 5_ <Tld——1) +<2—2—2—>+g +1
10/ ¢, N2 [231\]"2

w(f,6,) 5— (nd——1> +<?d—)] +1

< 40(f,5,) {é [(n;—’;— 1)2 +din 2 +1 }

IA

IA

: o 2 . 48
It was shown by this theorem that the approximation is at \/(nZ—" - 1) + di speed and this speed

can be increased according to the choice of (¢,,) and (d,,).

In the definition below; The space of functions from the Lipcitz class given by (Ozarslan and
Aktuglu 2013) will be recalled, which will be used for the calculation of the operator's degree of
approximation.

Let ¢; = 0,a, >0 and y € (0,1]. For K which is a positive constant, the Lipschitz-type space,
defined using two parameters, is represented as follows:

Lipg" () = {f e Cl0,1]:1f () — ()] < k— =2 ~:u € [0,1],x € (0,1].
(u+ ayx? + ayx)z

Theorem 4.2 Let x € (0,1] and f € Lip,"“*(y) then

)4
M2 2
I = 1@ < Ko 22

a;x% + a,x
is holds.
Proof
Leta; =0, a, > 0and y € (0,1]. From the Holder’s inequality

NIR

(= n)r

[ i - oot

dn

L5 () - ()] < Z Ny ()
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<d, Z 0 " [ ® 150 — o

r
dn

C (—c) (B lu—x]?
< Md, Z Ny () jr " du
r=0 ' dn

(u+ a;x? + ayx)

MR

Z TR ")f o

)4
2

(a x>+ a x)2

= " ( nz(x))

(ax? + azx)z

this is the desired result.

A few applications will now be given to the theoretical study of structures. In the first two
examples, the graphs related to the approach will be given, and in the third and fourth examples, the
approach speed calculation that changes according to the sequence selection will be given.

Example 4.1

B G0 =Y N [ ™ paan
=0 d,

49

n=20,m=30 and for x € [0,1] let K,s(x) = (=1)?(nx)?e ™%, (c,) =1 and (d,) = Vn.
In this case, the graph of the operator's approximation to the f(x) = is given in Figure 4.1.

x+1 +1

0.14
U-135_‘
D.13: :
0.125

0.124

0.8 0.82 0.84 0.56 0.58 o9 0.92 0.94

H

Figure 4.1 Approximation to the f(x) =

x+1+1
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Example 4.2
ﬂ
L9 () = d Z M ) = [ paya
a,

n=15m=20 and for x € [0,1], let K,o(x) = (=1)?(nx)?e ™%, (c,) = 1 and (d,) = Vn.
In this case, the graph of the operator's approximation to the f(x) = %cos(x2 +D2+1D)+1is
given in Figure 4.2.

1.1 7
1408-
'I.ElEi-:l -
1.D4-

1.02

- ~_ y AT —
] : w—->L[11 ] (£ =

b .
0.96 1 ’%\\ =>L[8](f =
—‘ S — '- =10 5] CE x)
0.94- =---=L[2](L=
0.92
099 02 04 06 08 50

Figure 4.2 Approximation to the f(x) = %cos(xz +1Dx*+1)+1

Example 4.3

Let f(x) = m (cp,) =1 and (d,) = n.Then, rate of convergence of approximation of
operators to function is given Table 4.1.

Table 4.1. The error bound of function f(x) = for (c,) =1and (d,) =n

(2x+5) +1
n Error estimate of f(x) = W with Lxgg(f x)
10 0.0250067657800
102 0.0096524161920
103 0.0032608562600
10 0.0010532623210
10° 0.0003353207400
10° 0.0001062640120
107 0.00003362633201
108 0.00001063584122
10° 0.3363545812. 105
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Example 4.4

For f(x) = m let taking (c,) =n and (d,) =n2Then, rate of convergence of
approximation of operators to function is given Table 4.2.

Table 4.2. The error bound of function for (c,)) = n and (d,,) = n?

m | Error estimate of f(x) = e(fo—5)+1 with LX97(f, x)
10 0.00965241619200
102 0.001053262321000
103 0.000106264012000
10* 0.000010635841220
105 0.1063667936 105
106 0.106368695410°
107 0.1063688856107
108 0.1063689046108
10° 0.3363545812.107°

4. CONCLUSION

This Kantorovich type modified operator is a useful operator for approximating to functions. The
operator also showed appropriate approximation properties for functions from the Lipchitz class.
Since the theoretical work is supported by graphical and numerical calculations, it will guide
researchers who will make Kantorovich modifications of different operators. In the next study, the
idea was formed to examine the different approximation properties of the two-dimensional version
of this operator.
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